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A technique for modeling unsteady three-dimensional compressible viscous � ow over lifting rotors in
hover and forward � ight is described. The � ow solver has three modules: 1) a compressible Navier ­
Stokes solver for modeling the viscous � ow over the rotor and the rotor near wake; 2) a compressible
potential � ow solver for modeling the inviscid, isentropic potential � ow regions far away from the rotor,
and 3) a Lagrangian model for capturing and convecting the rotor wake once it leaves the Navier ­ Stokes
domain. Results are presented for viscous � ow over a two-bladed untwisted rotor and a UH-60A rotor
in hover. Good agreement is found with measurements.

Nomenclature
CQ = rotor torque coef� cient
CT = rotor thrust coef� cient
c = blade chord
dl = length of a vortex � lament
E, F, G = inviscid � uxes in three directions
Mtip = tip Mach number
n = unit normal vector
p = pressure
q = � ow property
qv = induced velocity caused by wake
R = blade radius
R, S, T = viscous � uxes in three directions
r = distance between a vortex � lament and the point

where induced velocity is calculated
T = temperature
u, v, w = velocity components in x, y, z directions
V = velocity vector
VGrid = grid velocity
G = tip vortex strength
uc = collective pitch angle
j, h, w = three directions in the computational domain
r = density
s = solidity
f = velocity potential

Introduction

T HE single most determinant factor in rotor performance
is the behavior of the shed wake that dominates the rotor

acoustics and vibratory loads. At low speeds this skewed hel-
ical wake remains close to the helicopter and alters the � ow-
� eld around the vehicle. As a result, the biggest challenge in
predicting rotorcraft � ow� eld is the accurate representation of
the vorticity in the � ow� eld in low-speed forward � ight. The
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objective of this study is to develop a general multiblade
Navier­ Stokes/full potential/free-wake method for the predic-
tion of rotor performance and wake.

The existing � nite difference methodologies for rotorcraft
aerodynamics can be divided into two categories, depending
on their treatment of wake effects. First-generation � nite dif-
ference codes1­ 5 solved the potential, Euler, or Navier ­ Stokes
equations coupled with an external free-or rigid-wake model.
In the second-generation Navier­ Stokes codes, an attempt was
made to capture the shed vorticity and the tip vortex entirely
from � rst principles.6­ 8 This approach requires signi� cant
computer resources, even when high-order spatial accuracy
schemes are used because of the high levels of numerical vis-
cosity present in these schemes, particularly on coarse grids
far away from the rotor disk. Although some attempts in the
past have been made to reduce computer time through the use
of a hybrid Navier­ Stokes/full potential method,9 in such
methods the rotor wake is captured by Eulerian approaches
and is not adequately resolved away from the rotor. The only
exception to these methods is a hybrid Navier­ Stokes/full po-
tential method of Moulton and Caradonna,10 where a Lagrang-
ian approach was used to track the vortex � laments once they
leave the Navier­ Stokes zone and enter the potential � ow
zone.

Overview of the Present Work
In this approach, a hybrid method is developed to solve for

the � ow� eld over multiblade rotors in hover or forward � ight.
In the present study, only the hover calculations are consid-
ered. The forward-� ight calculations are currently underway.11

The � ow is divided into three regimes: 1) a small viscous
region surrounding individual rotor blades, 2) a potential � ow
region that carries the acoustic and pressure waves generated
by the rotor to far � eld, and 3) a Lagrangian scheme for cap-
turing the circulation that leaves the viscous region and con-
vecting it away to the far � eld. Figure 1 shows the Navier­
Stokes and potential � ow zones, and a typical tip vortex tra-
jectory.

In the viscous region, the unsteady compressible Navier­
Stokes equations are solved in a � nite volume form. In the
inviscid region, the isentropic potential � ow equations are
solved. The effect of vorticity embedded in the potential � ow
region is computed using the Biot ­ Savart law.

Although there are many similarities between the present
work and earlier works of Berezin9 and of Moulton,10 there are
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Fig. 1 Grid for four-bladed UH-60A rotor in hover.

several notable differences. For example, in Berezin’s work,9

only the near wake was captured. The effects of far wake had
to be implemented as a user-supplied induced angle-of-attack
table. In Moulton’s work,10 the formulation allows a potential
solver to � nd both the near-� eld and induced velocities. How-
ever, the Navier­ Stokes zone was modeled using a C-grid that
extended from one blade periodic boundary to the next, and
was large. The present work uses a very small H-grid enclosing
the blade that can potentially grow or shrink with time. Finally,
the present formulation is cast as an unsteady problem, so that
steady and unsteady forward-� ight calculations may be done
with a single solver. Of course, time-saving approaches such
as the use of local time stepping may be used in our work in
hover applications to accelerate convergence.

The rest of the paper is organized as follows. The mathe-
matical and numerical formulations are described rather
brie� y, because these are well developed and have been ex-
tensively published.8,9 A detailed description of how Lagrang-
ian wake is initialized, tracked in time, and updated in strength
is also given. The boundaries that separate the two zones must
be carefully handled to allow pressure waves to propagate out
to the far � eld without false re� ections at the interface. The
solver should allow vorticity to enter and leave the zones in a
physically consistent manner. These boundary conditions are
discussed next. Finally, a number of validations for a two-
bladed rotor tested by Caradonna and Tung12 and for the UH-
60A rotor tested by Lorber et al.13 are presented.

Mathematical and Numerical Formulation
Computational Grid

An H ­ O grid shown in Fig. 1 is used to model multibladed
rotors in hover. For hover cases, only one blade needs to be
modeled because the � ow is periodic from blade to blade. The
rotor element may be a single-element airfoil or a rotor­ slat
combination. The present analysis is for single-element air-
foils.

As previously discussed, the � ow� eld is divided into two
zones, the � rst zone includes the inviscid potential � ow regions

away from the individual blades, and the second zone covers
a small region around the individual rotor blade. In this second
zone, viscous effects are modeled. There is an exact one-to-
one matching between the nodes of the two zones at the in-
terfaces. The top view of a grid in a rotor plane, a radial plane,
and a close up on viscous zone is shown in Fig. 1. The inner
Navier­ Stokes zone is distinguished with darker grids. For
multibladed rotors in forward � ight, there will be several such
small zones.

Navier­ Stokes Solver

The three-dimensional unsteady, Reynolds-averaged Navier­
Stokes equations may be written as

­q ­E ­F ­G ­R ­S ­T
1 1 1 = 1 1 (1)

­t ­x ­y ­z ­x ­y ­z

In the present work, this equation is solved in the following
divergence form:

­
q dV 1 (Ei 1 F j 1 Gk)?n dSE E E T­t

= (Ri 1 Sj 1 Tk)?n dS (2)T
Equation (2) is valid for arbitrary, but stationary control vol-
ume. If the control volume is deforming with respect to time,
then additional terms that account for the � ux leaving and
entering a cell must be added. For example, the mass � ux
entering a face would be % r[V 2 VGrid] ? n dS. In such a case,
the time derivative should be viewed as the time derivative for
a given cell, rather than a conventional partial derivative hold-
ing (x, y, z) � xed.

The � uxes crossing the cell face are computed using the Roe
solver, with � ux properties evaluated at the left and right sides
of a given face using a MUSCL scheme.14 The viscous terms
are computed using algebraic averages of � ow properties on
either side of a cell face. The resulting nonlinear algebraic
system of equations for the � ow properties are linearized using
the information at the previous time level. The resulting line-
arized system is inverted using an approximate factorization
scheme. Details of the solver are found in the dissertation of
Bangalore.8 The Baldwin­ Lomax model is used to model tur-
bulence. This solver can be run on a single processor, or dis-
tributed over multiple processors over a cluster of worksta-
tions. In the present study, the single processor version of the
analysis was used.

Potential Flow Solver

The potential � ow solver solves the continuity equation

­
r dV 1 r(V 2 V )?n dS = 0 (3)GridE E E T­t

where the � ow velocity V is made up of three components:
freestream velocity, disturbance potential-based velocity, and
induced velocity caused by embedded vorticity:

vV = V 1 =f 1 q (4)`

The density is assumed to be related to velocity potential
through isentropic gas law, neglecting the temporal variation
of qv. The gradient of velocity =f may be written as an ex-
pression linking the velocity potential at a node (i, j, k) to its
26 neighbors (i 6 1, j 6 1, k 6 1). The resulting system is
linear in f, if density is assumed to be known from a previous
time step.

A three-dimensional unsteady compressible potential � ow
solver developed by Sankar et al.15 is used to solve Eq. (3). It
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Fig. 2 Computational nodes and cells.

uses a three-factor alternating direction implicit scheme to in-
vert the matrix system for f. The potential � ow solver can
capture embedded weak shock waves and model the convec-
tion of acoustic waves in a time-accurate manner. It cannot,
however, capture embedded vortex � laments such as embed-
ded tip vortices. A mechanism must be therefore provided in
the � ow solver to model this effect.

Wake Model

A rigid or a free-wake model is used to account for the wake
effects in full potential zones. The model used in this study
only considers the tip vortex, neglecting the inboard vortex
sheet and trailed vorticity away from the blade. In future stud-
ies, more of the inner wake will be included,11 and an ef� cient
procedure for the induced velocity proposed by Steinhoff et
al.16 will be used. The helical tip vortices are modeled by a
connected series of straight-line elements with azimuthal in-
crements of 10 deg. The classical helical wake (up to 10 rev-
olutions) is used as an initial guess to start the solution process.
The strength of the tip vortex is taken to be the bound circu-
lation at a prede� ned tip radial station (usually 97 ­ 99% radii),
or the peak bound circulation, and allowed to change from one
time level to the next as the loading on the blade changes.

Given the vorticity strength and geometry, the induced ve-
locity can be evaluated. One approach for line elements is the
Biot ­ Savart law:

G dl 3 rvq = 2 (5)O 34p ur uelements

A Rankine vortex core model17 with a radius of one-tenth of
the blade radius is used. Using Eq. (5), the induced velocities
at all full potential nodes are computed. The induced velocity
then is included in the potential � ow analysis [Eq. (3)].
Navier­ Stokes nodes will receive the effect of this velocity
� eld through interface conditions.

The free-wake model is developed simply by relaxing the
� rst revolution of wake elements so that they move with the
local � ow velocity. The remaining wake elements are non-
moving wake elements and placed appropriately based on the
position of the last free-wake marker. The main advantage of
the rigid-wake model is that the induced velocity coef� cients
(by Biot ­ Savart law) need to be calculated only once because
the wake structure remains unchanged. In free-wake models,
because the � laments move at each iteration, these coef� cients
have to be updated. This calculation consumes more than 45
times the CPU required for a single time step. Thus, it becomes
prohibitively expensive to update wake information at every
time step. Besides, numerous researchers had encountered
free-wake instability, when they updated the wake structure
continually. Therefore, in this study, at every time step, only
the location of the � laments are tracked and the wake-induced
velocities are recomputed at all nodes after every 5 ­ 15 deg of
blade rotation.

Boundary Conditions

In this formulation, there are four types of boundary con-
ditions that must be addressed: 1) solid surface boundary con-
ditions at the rotor surface, 2) far-� eld boundary conditions,
3) boundary conditions for acoustic waves that cross the
Navier­ Stokes/full potential interface, and 4) boundary con-
ditions for vorticity that leaves and/or re-enters a zone.

Solid Surface Boundary Conditions

The no-slip conditions are enforced. For a rotor this sim-
ply means that the velocity of the � uid is equal to the velocity
of the solid. The surface pressure and temperature gradients
­p/­n and ­T/­n were set to zero at the solid surface.

Far-Field Boundary Conditions

In the present approach, the far � eld is usually located one
or more rotor diameters away from the rotor disk, and contam-

ination of the solution because of the re� ection of acoustic
waves at the far � eld is not a major consideration. The code
in its present form sets the disturbance potential f to be zero
at these boundaries. This assumption that all disturbances van-
ish at the far-� eld boundaries, however, violates the global
momentum and energy balance. More accurate boundary con-
ditions, e.g., those based on mass sink, are being considered.
For forward-� ight applications, � ow quantities at the block
boundaries (lying in azimuthal planes) are transferred from
block-to-block. All blocks are analyzed because the � ow is not
periodic.

Boundary Conditions for Modeling Acoustic Waves that Cross
the Navier ­ Stokes/Full Potential Interface

The following coupling of Navier­ Stokes and full potential
zones was originally developed by Sankar et al.18 and shown
to pass information through interface boundaries accurately for
� xed and rotary wing solvers using C ­ H grids.9,18

The Navier­ Stokes and the full potential zone are required
to overlap each other at least by one node in the present ap-
proach. Consider a point P with index (i, j , k) shown in Fig.
2. The box around node P represents cell faces. The point
immediately underneath (i, j, k 2 1) lies in the Navier ­ Stokes
zone, while the point immediately above it (i, j, k 1 1) lies
in the potential � ow zone. The point (i, j, k) itself is solved
for twice, once using the Navier­ Stokes solver, and again us-
ing the full potential � ow solver.

At the interface (i, j, k 2 1/2) the potential � ow solver
requires r and Vn so that the � ux crossing boundary rVnDS
can be computed. In this work, these quantities were computed
by averaging the Navier­ Stokes values at the node (i, j, k)
and the node (i, j, k 2 1) immediately underneath it. Thus,
the Navier ­ Stokes code supplies a Neumann type of boundary
condition to the potential � ow solver for ­f/­n. The Navier­
Stokes code does not transfer information about the tangential
components of velocity, i.e., vorticity, directly to the potential
� ow solver.

When applying the Navier ­ Stokes solver to P, all of the
� ow properties are needed (r, u, v, w, p) at (i, j, k 1 1), and
at (i, j, k 1 2). These were obtained by computing =f using
Eq. (6), and then applying Eq. (7) to get T, and � nally applying
the isentropic law to get r and p, using Eq. (8):

u = f j 1 f h 1 f wj x h x w x

v = f j 1 f h 1 f w (6)j y h y w y

w = f j 1 f h 1 f wj z h z w z

2 2 2 2u 1 v 1 w V `
C T 1 1 f = C T 1 (7)P t P `

2 2

g21
T r

= (8)S DT r` `

where jx, hx, wx are metrics that transform the body-� tted grid
to the computational grid.
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Fig. 5 Surface pressure coef� cients.

Fig. 4 Surface pressure coef� cients.

Fig. 3 Surface pressures for nonlifting case.

Similar expressions are developed in this study for the in-
terface boundaries that lie in azimuthal planes extending the
methodology to H-O and H-H topologies.

Boundary Conditions for Vorticity Leaving the Navier ­ Stokes Zone
and Entering the Potential Flow Zone

The potential � ow zone receives vorticity in the form of a
distributed vortical � ow� eld. The initial portions of the tip
vortex following its generation at the blade are solved inside
the Navier­ Stokes zone. At the interface, it is converted into
a concentrated tip vortex made up of wake markers that are
tracked using a Lagrangian scheme. Of course, some numerical
diffusion of the vortex is inevitable in the inner zone. Knowl-
edge of G and the marker positions mentioned earlier is enough
to compute the induced velocity associated with these markers.

Boundary Conditions for Vorticity Leaving the Potential Zone and
Entering the Navier ­ Stokes Zone

Occasionally, a vortex � lament of strength G will enter the
Navier­ Stokes zone. No special treatment is required in this
condition because the effect of the tip vortex entering (or pass-
ing close to) the Navier ­ Stokes zone is felt through the
Navier­ Stokes/full potential interface boundary conditions.

Results and Discussion
The preceding algorithm has been coded and tested for a

rectangular hovering rotor, and for a modern, highly twisted
rotor with a swept tip. Thus, these two applications bracket a
variety of hover applications and rotors of interest to the in-
dustry.

Caradonna ­ Tung Rotor in Hover

The hybrid hover solver has been tested for several nonlift-
ing and lifting hover cases, experimentally studied by Cara-
donna and Tung.12 They considered a two-bladed untwisted,
rotor of rectangular planform. The blades have NACA 0012
sections and an aspect ratio of 6. Surface pressure data are
available at a number of chordwise locations at several radial
locations for code validation.

An H ­ H grid with 133 azimuthal, 43 radial, and 62 normal
nodes is used as computational domain. The domain covers

half of the rotor disk, and extends one blade radius R, above
and below the rotor plane, and over one-half radius in the
spanwise direction from the blade tip. Approximately 29% of
the nodes fall into the Navier­ Stokes zone. The Navier­
Stokes zone covers approximately one-half chord upstream and
one-half chord downstream of the blade. It extends to the far
boundary in a spanwise direction. It is possible to place another
interface boundary in the radial direction and further reduce the
number of Navier­ Stokes nodes. However, it is found that the
small CPU savings does not justify adding the extra interface
boundary and further complications to the process.

The code is � rst validated for a nonlifting case where no
wake modeling is needed. Figure 3 compares measured surface
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Fig. 6 Surface pressure coef� cients for UH-60A rotor at various radial stations.

Fig. 7 Radial distribution of section normal force coef� cient for
UH-60A blade.

pressures on the blade to computed values at two radial loca-
tions. The test was conducted at a tip Mach number of 0.52.
Good agreement on pressure indicates successful coupling of
the two zones.

Figure 4 shows the surface pressure distributions at two dif-
ferent spanwise stations, 68 and 96% blade radius. The rotor
has a collective pitch of 8 deg with a tip Mach number of
0.439. Here, the free-wake model is employed with the recom-
putation of wake geometry and the associated induced veloc-
ities 11 times. The tip vortex strength at every time step is set
to the current bound circulation at 97% blade radius at the
start. After several iterations, the peak bound circulation may
be used.

A higher tip speed is considered next. Figure 5 shows ex-
perimental data and numerical results. The experimental thrust
coef� cient is 0.00455, and the computed values are 0.00393
with free wake and 0.00496 with rigid-wake options. Here, no
trimming was performed to match thrust coef� cient values.
Trimming the solution (by changing collective pitch) and re-
� ning grid in the tip region may improve the accuracy.

In general, good agreement is observed between the mea-
surements and the calculations for the Caradonna­ Tung
rotor. It is seen that the free-wake model improves the quality
of the solution. It corrects the rigid vortex behavior of the
overprediction of loads midboard and the underprediction near
the tip sections. The free-wake model captures the tip vortex
position fairly well compared to experimental measurements.
The tip vortex is measured to contract 10% radii and to de-
scend 0.3R after a full blade revolution. The corresponding
numerical values are 7% and 0.34R. The CPU time increase
with the free-wake option was roughly 10% over the rigid-
wake option.

UH-60A Rotor in Hover

The hover solver is also validated for a typical current gen-
eration rotor, the four-bladed UH-60A rotor. The blade has an
aspect ratio of 15.3 and a maximum twist of 13 deg. It has a
rearward sweep of 20 deg starting from a rotor radius of 93%.
The blade is made up of two airfoil sections, SC1095 as the
main airfoil and SC1095R8 section in the midspan.13 The

H ­ O grid is shown in Fig. 1 and has 90 points in azimuthal,
43 in spanwise, and 80 in normal directions. Approximately
37% of the nodes lie in the Navier ­ Stokes zone, and typically
seven points lie inside the boundary layer.

In these calculations, the tip vortex strength was chosen in-
itially to be the bound circulation at 99% radius. After several
hundred iterations, the peak bound circulation was used as the
tip vortex strength. The calculations were started with a rigid,
noncontracting wake of 10 revolutions. At every 10 deg of
blade rotation, the wake geometry and the wake-induced ve-
locity updates were done during the time marching process, as
discussed previously.

Figure 6 shows the surface pressures at four radial stations.
The rotor is at a collective pitch angle of 10 deg and a tip
Mach number of 0.628. The loads are in very good agreement
with the experimental measurements. No trimming was done
in these computations.

Figure 7 shows the spanwise thrust distribution over the
blade. The numerical values are in good agreement with ex-
perimental measurements. The numerical value of CT/s =
0.0084 compares well with experimental 0.0085. However, the
power consumed by the rotor is overestimated by the solver.
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The torque, CQ/s is found as 0.00076 as opposed to 0.00070
from experiments.

A typical hover solution requires about 15 h of CPU time
on an HP 735 Workstation. The convergence is reached when
the residuals drop by three orders of magnitude. Approxi-
mately a 50% CPU reduction is achieved for the test cases
using the hybrid methodology (with rigid- or free-wake option)
compared to the stand-alone Navier­ Stokes solver,8 without
degrading the quality of the solution. Free-wake option in-
creases the CPU time by 10% compared to the rigid wake
option.

Concluding Remarks
A hybrid Navier-Stokes/full potential solver with a Lagrang-

ian treatment of the far wake has been developed, and prelim-
inary validation studies have been done. This formulation is
written in a fully unsteady form, permitting a straight-forward
extension to forward-� ight analysis. The Navier­ Stokes re-
gion can be kept very small, leading to lower CPU times.

Additional code validations for rotors in hover are needed.
These should be followed by forward-� ight studies. Recent
advancements in the methodology such as a � fth-order-accu-
rate spatial differencing scheme and the distribution of calcu-
lations over multiple processors should be done. With these
enhancements, this solver should prove to be a useful and ef-
� cient tool to the rotorcraft industry.
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